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We investigate the energy dependence of inelastic processes in systems which possess Efimov states. We
consider the three-body recombination rate K3 where three free atoms interact to produce an atom–dimer pair,
and the relaxation rate Krel where an atom quenches a weakly bound state of a dimer near an Efimov resonance
to more deeply bound levels. Using a model capturing the key features of the Efimov problem, we identify
new energy regimes for K3, namely the NTR (Near Threshold Resonance) regime behavior E−2 for negative
scattering lengths and the NTS (Near Threshold Suppression) regime behaviorE2 for positive scattering lengths.
We also confirm a previously found oscillatory behavior of K3 at higher energy E. Finally, we find that Krel
behaves as E−1 in the NTR regime.
I. INTRODUCTION
Three-body problems have been studied in a variety of con-
text, such as three-body Coulomb systems [1–3], and nuclear
three-body systems [4–6]. Efimov predicted that a system
with three particles may have a large number of trimer states
even when the dimer potential does not posses any bound
states [7–9]. The existence of the Efimov trimer states re-
quires the two-body scattering length a to be much larger than
the characteristic range of the two-body interaction R0. Ul-
tracold gases are ideal candidates for studying Efimov physics
since the scattering length a can be tuned using Feshbach res-
onances. When a → −∞, an Efimov state near the three-
body threshold will give a resonant enhancement for the re-
combination rate K3. This enhancement has been experimen-
tally observed as atom loss for a variety of systems [10–24].
When a → +∞, a similar enhancement has been observed
for the vibrational relaxation rate Krel for collisions between
atoms and loosely bound dimers [18, 19, 21, 25, 26]. Res-
onant peaks for atom loss rates have also been observed for
pure ultracold atom gases with a > 0 [12, 27, 28], and an
avalanche mechanism has been proposed as an explanation in
terms of molecule-atom threshold resonances [12, 27], though
other experiments have been conducted pointing to different
conclusion [29, 30]. For a → +∞, interference minima as a
signature of Efimov states in three atom loss rates have also
been observed [12, 13, 27, 28, 31].
Efimov physics has been studied mostly in the zero energy
limit, e.g., the recombination and relaxation rates near zero
temperature, and only recently the energy dependence of these
quantities has received attention [32–37]. In this paper, we in-
vestigate the energy dependence of the three body recombina-
tion rate K3 and relaxation rate Krel, paying special attention
to the threshold behavior of K3(E) for a < 0 and Krel(E)
for a > 0 when an Efimov state is near the threshold. We also
explore the behavior of K3(E) for a > 0 for specific values
of a leading to large suppression effects.
II. THE MODEL
In this work, we study the Efimov effect for the case of
identical bosons, BBB, where B denotes a neutral bosonic
atom in its ground state. Our findings are however also ap-
plicable to other systems (such as mixtures of the type BBX)
which have a similar attractive Efimov potential. In addition,
we only consider the case of total angular momentum J = 0,
which is sufficient at low energy where contributions of higher
J values are strongly suppressed.
Although the long range Efimov states seem counterintu-
itive, their appearance can be explained by the attractive 1/R2
behavior of the lowest adiabatic hyperspherical potential for
R0  R |a|, where R is the hyperradius, and a and R0 are
the two-body scattering length and characteristic interaction
range, respectively. The attractive Efimov potential takes the
form [38]
VEf(R) = −s
2
0 + 1/4
R2
, (1)
where s0 = 1.00624 is a universal constant. Following [38],
the appropriate reduced mass is implicitly included in VEf(R);
the same is true throughout the article for all potentials. Ac-
cording to Efimov [7], when a → ±∞, the number of three-
body Efimov states is proportional to ln(|a|/R0), and is inde-
pendent of the sign of a. However, the lowest adiabatic hy-
perspherical potential depends on the sign of a. Specifically,
when a < 0, the Efimov potential correlates in the asymptotic
region R |a| to the repulsive potential
Vasy(R) =
`eff(`eff + 1)
R2
, (2)
with `eff = 32 , which is the lowest three-body continuum
channel. Again, Vasy contains the reduced mass. In this
case, the three-body recombination rate K3 exhibits a reso-
nant enhancement when an Efimov state is near the three-body
breakup threshold. When a > 0, the effect of the Efimov
states on the three-body loss rates is quite different, which
is due to the fact that the Efimov potential correlates to the
weakly bound dimer channel. Following Esry et al. [38],
we employ a simplified model which captures the essential
physics of the Efimov effect.
A. Single-channel model for a < 0
For a < 0, the entrance channel is the lowest three-body
continuum channel, and all other channels corresponding to
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2the three-body continuum can be ignored since their hyper-
spherical adiabatic potentials are entirely repulsive; their con-
tribution will be highly suppressed at low energy . We as-
sume that the dimer has deeply bound states, which is typical
for atom–atom potentials, and we shall use a single channel
model to analyze the three-body recombination. The recom-
bination channels corresponding to the deeply bound dimer
states are taken into account a posteriori, as explained in
this section. The fact that the coupling of the entrance chan-
nel to the recombination channels takes place at short range
(R < R0) allows for a single-channel model of the multi-
channel problem that reproduces qualitatively the energy de-
pendence of K3 [32]. To extract K3(E) from the single-
channel results, we use an approach based on the Jost func-
tion, as opposed to the wave function as used by [32]. Namely,
we obtain the single-channel regular solution φk(R) by nu-
merically solving
φ′′k(R) = [V1(R)− k2]φk(R), (3)
where V1 is the potential curve shown in Fig. 1. Note that for
R0  R |a|, V1(R) ≈ VEf(R) and for R |a|, V1(R) ≈
Vasy(R). Equation (3) is supplemented with the initial condi-
tion φk(R0) = sinϕ0 and φ′k(R0) = cosϕ0, where the phase
ϕ0 accounts for the contribution of the short range region. As
shown in the inset in Fig. 1, the parameter ϕ0 can be adjusted
to obtain agreement with the experimental results for the value
of a−1 of the two-body scattering length corresponding the ap-
pearance of first Efimov state. However, in the remainder of
our paper, we employ the simple choice ϕ0 = 0 which corre-
sponds to a hard wall at R = R0 = RvdW. The two-body van
der Waals length RvdW is the characteristic length scale for
the short range region, with RvdW = (2µ2C6/~2)1/4, where
µ2 is the two-body reduced mass and C6 the dispersion coef-
ficient for the van der Waals interaction (−C6/R6) between
two neutral ground state atoms. RvdW and the corresponding
van der Waals energyEvdW = ~2/2µ2R2vdW are used as units
in Fig. 1.
We extract the Jost function
F (k) = A(k)− iB(k) (4)
from the asymptotic (R → ∞) behavior k`eff+1φk(R) ∼
A(k)j`eff (kR) +B(k)n`eff (kR), where j`eff and n`eff are the
Riccati–Bessel spherical functions. Note that V (R) and k are
real, and thus φk, A(k) and B(k) are also real. The physi-
cal solution ψk, which behaves asymptotically as ψk(R) ∼
i
2 [h
−
`eff
(kR) − F∗F h+`eff (kR)], where h±` ≡ n` ± ij`, can be
expressed as [39]
ψk =
k`eff+1
F (k)
φk. (5)
For very low k, the regular solution is independent of k at
short range, φk(R) ≈ φ0(R). Thus, at short range, we have
ψk(R)|short range ≈ k
`eff+1
F (k)
φ0(R), (6)
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FIG. 1: Lowest hyperspherical potential for a = −5RvdW. Solid
line: smooth approximation for the realistic hyperspherical potential
V1(R) in Eq. (3). The shaded area represents the short range re-
gion 0 < R < R0, taken into account via the phase ϕ0 appearing
as a parameter for the initial condition at R0 = RvdW for Eq. (3).
Dotted line: approximate potential (discontinuous at R = |a|) used
in Sec. III A. The inset shows the ϕ0 dependence of the scattering
length a−1 corresponding to the appearance of the first Efimov state.
Also shown are three experimental results for Cs, K and Li [38] il-
lustrating how ϕ0 can be adjusted to match experiments.
Returning to the multi-channel problem, and noting that the
coupling of the entrance channel to the deeply bound states of
the dimer takes place at short range, the entrance channel com-
ponent ψ1,k of the full wave function can be approximated by
the single-channel solution (5), i.e.,
ψ1,k ≈ ψk = k
`eff+1
F (k)
φk (7)
Since the couplings are restricted to short range, the single
channel result in Eq. (6) can be used to obtain the k depen-
dence of the full solution of the coupled-channel problem
[40]. Indeed, the k-dependence in Eq. (6) will be imprinted
via the couplings to all other components of the wave func-
tion. We emphasize that, although the entrance-channel com-
ponent has the k-dependence in Eq. (6) only at short range,
the other components obey this k-dependence for all R,
ψn,k ∼ k
`eff+1
F (k)
gn(kn, R), (8)
where gn(kn, R) is the radial wave function for channel n
with momentum kn. Recalling that only outgoing waves are
allowed in the dimer channels n, the corresponding asymp-
totic (R→∞) behavior of ψn,k is
ψn,k(R) ∼
√
k
kn
Sn,1(k)e
+iknR. (9)
Together with Eq. (8) and substituting 2`eff + 1 = 4, it leads
to the k-dependence of the S-matrix element,
|Sn,1(k)|2 ∼ k
4
|F (k)|2 . (10)
3Finally, the total three-body recombination rate [41], K3 ∼
1
k4
∑
n 6=1 |Sn,1|2, reads
K3 ∼ 1|F (k)|2 =
1
A2(k) +B2(k)
. (11)
Thus, the k-dependence of the rate K3 is dictated by the k-
dependence of the Jost function.
B. Single-channel model for relaxation (a > 0)
As shown in Fig. 2 for the case a > 0, there exists a loosely
bound dimer state (channel 2, slightly below the three-body
breakup threshold) which correlates to the Efimov potential,
while the lowest three-body continuum channel is purely re-
pulsive (channel 1). In channel 2, the three-body system cor-
responds to an extended weakly bound Feshbach molecule in-
teracting with an atom. Since decay into more deeply bound
and compact dimers takes place due to short-range couplings,
a single-channel model similar to the case a < 0 described
in Sec. II A above is warranted for the rate of the vibrational
relaxation rate Krel, which will thus be expressed in terms of
the single channel Jost function.
In this case, we have an atom–dimer scattering problem
with relative angular momentum `, so that one simply replaces
`eff by ` in Eqs. (7) and (8), leading to
|Sfi(k)|2 ∼ k
2`+1
|F (k)|2 . (12)
We are interested in ` = 0 (ultracold regime), so that the cross
section σ = pik2
∑
f 6=i |Sfi(k)|2 for this inelastic process gives
the relaxation rate Krel = vrelσ (with the relative velocity
vrel ∝ k) in terms of the S-matrix as [41]
Krel(k) ∼ 1
k
∑
f 6=i
|Sfi|2, (13)
Here, i and f correspond to the entrance (shallow) dimer state,
and final (deeply bound) dimer states respectively. The S-
matrix is given in term of the Jost function by Eq. (12) with
` = 0, i.e.,
|Sfi(k)|2 ∼ k|F (k)|2 . (14)
Combining the two equations above, we find the k-
dependence of the relaxation rate,
Krel(k) ∼ 1|F (k)|2 =
1
A2(k) +B2(k)
. (15)
C. Two-channel model for a > 0
As discussed above for a > 0, and as illustrated in Fig. 2,
there exists a loosely bound dimer state (channel 2) correlated
to the Efimov potential, while the lowest three-body contin-
uum channel being purely repulsive (channel 1). Therefore,
to investigate the three-body recombination for the formation
of Feshbach molecules, we adopt a model that only includes
these two channels:
φ′′1 = [V11 − k21]φ1 + [Vc∂R + ∂RVc]φ2
φ′′2 = [V22 − k22]φ2 − [Vc∂R + ∂RVc]φ1. (16)
According to [38], the coupling between channel 1 and chan-
nel 2 is significant only nearR = a. Thus we employ a simple
form for the coupling,
Vc(R) =
{
0.01
a sin
4
(
pi R−RaRb−Ra
)
, Ra < R < Rb
0, otherwise
(17)
with Ra = 0.5a,Rb = 1.5a. Note that the scaling Vc(R) ∼
a−1 follows the realistic coupling, and the value 0.01 for the
coefficient controlling the strength of the coupling in Eq. (17),
chosen arbitrarily, can be adjusted to match experimental data
for a particular system [38]. In the region R0  R  a we
have
V11(R) ≈ s
2
1 − 1/4
R2
, V22(R) ≈ VEf = −s
2
0 + 1/4
R2
,
(18)
where s1 = 4.4653 and VEf is the Efimov potential in Eq. (1).
In the asymptotic region R |a|,
V11(R) ≈ `eff(`eff + 1)
R2
, V22(R) ≈ Eb, (19)
where Eb ∝ −1/a2 is the binding energy of the shallow
dimer. In the region near R = a, V11(R) and V22(R) are con-
nected smoothly between the inner and outer regions using
high order polynomials; namely, we ensure their continuity
and the continuity of their first and second derivatives.
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FIG. 2: Schematic representation of the potentials used in the two
channel model, see Eqs. (16,17). Red curve: hyperspherical poten-
tial for channel 1. Black curve: hypershperical potential for channel
2 corresponding to the shallow dimer state. Blue curve: coupling
potential Vc which is non-zero only near R = a. The shaded area
represents the short range region.
4III. RESULTS
In this section, we discuss the k-dependence of rate coef-
ficients for the various cases introduced in the previous sec-
tions.
A. Single channel results for a < 0
Using the model described in Sec. II A, we carefully tune
the two-body scattering length a such that there is an Efimov
state extremely close to the threshold. Here, since there is only
one channel corresponding to the three free atoms, the thresh-
old refers to it (see Fig. 1). In Fig. 3, we show results for the
first five Efimov states. Although arbitrary units are used for
the three-body recombination rate K3 in Fig. 3, one could in-
troduce a multiplicative parameter on the right hand side of
Eqs. (10) and (11) to adjust the overall magnitude of K3 to
match experimental values. In Fig. 3(a), the black curve cor-
responds to a−1 /RvdW = −29.865651 and displays the first
Efimov state as a shape resonance located at very low energy,
while the red and blue curves correspond to a = 2a−1 and
a = a−1 /2 respectively. We found that the resonant behav-
ior manifests itself only for values of a within one percent of
a−1 . For values of a outside of this narrow window, the behav-
ior is similar to that shown by the red and blue curves, which
we call non-resonant. Although the sharp peak at very low en-
ergy is striking, this near threshold resonance (NTR) produces
a resonant enhancement for a much wider energy range. More
specifically, Fig. 3(a) shows that in the resonant case most of
the low energy regime is characterized by a new type of behav-
ior; namely, k4K3 is constant for energies between the peak
and vertical dashed line at E = E1, which we refer to as the
NTR regime. For the subsequent Efimov states correspond-
ing to a−n with n = 2, 3, 4, 5, an oscillatory regime develops
[32] in the energy range En < E < E0 between the two ver-
tical dashed lines, as shown in Fig. 3(b)–(e). E0 = EvdW
denotes the energy scale associated with short-range physics,
while En ≡ Ea−n with Ea = (RvdW/a)2EvdW the en-
ergy scale given by the centrifugal barrier near R = |a| in
Fig. 1. With increasing |a|, a new Efimov state will appear for
each critical value a−n , and we confirm the well known result
a−n+1/a
−
n = e
pi/s0 . Our results also confirm that as |a| in-
creases, more oscillations appear at lower energies (reflecting
the number of bound states), while the oscillations at higher
energy remain unchanged [32], as shown in Fig. 3, and sum-
marized in Fig. 4.
Although the results in Figs. 3 and 4 were obtained using
the smooth potential shown in Fig. 1, the oscillatory behavior
can be explained by writing the wavefunction corresponding
to the step potential in Fig. 1 in terms of Bessel functions. For
R0 < R < |a| the regular solution defined in Sec.II A can be
written as linear combination of Bessel functions of imaginary
order,
j˜(kR) ≡
√
pikR
2 sech
(
pis0
2
)
Re[Jis0(kR)]
n˜(kR) ≡
√
pikR
2 sech
(
pis0
2
)
Re[Yis0(kR)].
(20)
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FIG. 3: Three-body recombination rates for a < 0. Black curves:
resonant cases for the first five Efimov states (the values of a ≈ a−n
are indicated). Red and blue curves: non-resonant cases correspond-
ing to a = 2a−n and a = a−n /2 respectively. The dashed vertical line
at E0 = EvdW marks the energy scale associated with short range
physics. The dashed vertical lines at En ≡ Ea−n ∝ 1/(a
−
n )
2 mark
the boundary between the NTR and oscillatory regimes.
Using the small argument behavior [42] near R ≈ R0,
j˜(kR) ∼
(
t0kR
s0
) 1
2
cos[s0 ln(
kR
2 )− γs0 ]
n˜(kR) ∼
(
kR
t0s0
) 1
2
sin[s0 ln(
kR
2 )− γs0 ],
(21)
where γs0 = arg[Γ(1 + is0)] and t0 = tanh(
pis0
2 ). Thus the
suitable linear combination for the regular solution is
φk(R) =
(
R0t0
s0k
) 1
2
(
cos[s0 ln(
kR0
2 )− γs0 ]j˜(kR)
− t−10 sin[s0 ln(kR02 )− γs0 ]n˜(kR)
)
.
(22)
For R > |a|, as mentioned in Sec. II A, the regular solution
can be written as a linear combination of the Riccati–Bessel
5functions
k`eff+1φk(R) = A(k)j`eff (kR) +B(k)n`eff (kR). (23)
By matching at R = |a|, i.e., equating the expressions in
Eq. (22) and Eq. (23) and their derivatives, and using the be-
havior at large argument [42] near R = |a|,
j˜(kR) ∼ cos(kR− pi4 )
n˜(kR) ∼ sin(kR− pi4 )
(24)
we obtain
A(k) = k2
(
R0
s0t0
) 1
2
sin[s0 ln(
kR0
2 )− γs0 ]
B(k) = k2
(
R0t0
s0
) 1
2
cos[s0 ln(
kR0
2 )− γs0 ],
(25)
where γs0 = arg[Γ(1 + is0)] and t0 = tanh(
pis0
2 ). Therefore,
inside the oscillatory regime, the three-body recombination
rate reads,
K3(k) ∼ 1
k4
s0t0
R0
1
t0 + (1− t0) sin2[s0 ln(kR02 )− γs0 ]
.
(26)
Note that the amplitude of the oscillatory term, 1−t0 ≈ 0.081,
is much smaller than the background term t0 ≈ 0.92, which
makes it difficult to discern the difference between the NTR
regime and the oscillatory regime in Fig. 3. For k  |a|−1,
the Jost function can be expanded as a power series, A(k) ∼
A0+A2k
2+O(k4) andB(k) ∼ k2`eff+1(B0+B2k2+. . . ) =
B0k
4 + O(k6) (since `eff = 3/2) [40]. Using Eq. (11), we
obtained a simple expression of the three-body recombination
rate,
K3(k) ∼ 1
(A0 +A2k2)2 +B20k
8
. (27)
In the Wigner regime, A0 is dominant, and the zero energy
limit of K3 is a constant. For the resonant case A0 is very
small, which restricts the Wigner regime to the extreme ultra-
cold. Thus when k increases, the A2k2 term quickly becomes
dominant and K3(k) reads,
K3(E) ∼ 1
k4A22
, (28)
which corresponds to the flat NTR regime shown in Fig. 4
for k4K3. Note that the transition between Wigner and NTR
regimes takes place near kNTR =
√|A0/A2|, which can be
estimated from the simple parametrizations A0(a) ∝ a − a−n
and A2(a) ≈ A2(a−n ) = const. in the narrow window of val-
ues of a near a−n . Fig. 4(a) and Fig. 3 show the Efimov states
as shape resonances, which correspond to the case when A0
andA2 have opposite sign, such thatA(k) = 0 at kNTR. Note
that the very small but finite term B20k
8 in Eq. (27) will pre-
vent K3 from diverging. In Fig. 4(b), the Efimov states are
bound just below the three-body threshold, which corresponds
to the case when A0 and A2 have the same sign. Thus B20k
8
can be neglected in Eq. (27), and the transition between the
Wigner and NTR regimes is smooth. We emphasize that the
K3 ∼ k−4 behavior in the NTR regime is accidentally identi-
cal to the background k-dependence in the oscillatory regime
in Eq. (26), though the exact values are offset as depicted in
Fig. 4.
0.5
1
1.5
k4
K
3 
(ar
b. 
u.)
10−18 10−14 10−10 10−6 10−2 102
E/E
vdW
0.5
1
1.5
k4
K
3 
 
(ar
b. 
u.)
Efimov (oscillatory) regime
NTR regime
NTR regime
Efimov (oscillatory) regime
(a)
(b)
FIG. 4: (a) K3 for the case when the Efimov states are shape res-
onances just above the threshold; these are the black curves from
Fig. 3. (b) K3 for the case when the Efimov states are bound just be-
low the threshold corresponding to values of |a| slightly larger than
the values in Fig. 3.
B. Single channel results for a > 0
When a > 0, the Efimov potential correlates with the
weakly bound dimer channel, defining the scattering thresh-
old k = 0. We expect that a near threshold Efimov state
will strongly affect the Feshbach-molecule–atom collisions,
resulting in vibrational relaxation into deeply bound dimer
states. Here we analyze the vibrational relaxation rate using
the single-channel model described in Section II B , with the
vibrational relaxation rate given by Eq. (15),
Krel(k) ∼ 1|F (k)|2 . (29)
Note that F (k) is the single channel Jost function correspond-
ing to the lower potential curve in Fig. 2.
For energies higher than the binding energy of the shallow
dimer state, Eb ∼ −1/a2, but lower than the short range en-
ergy scale E0 ∼ 1/R20, i.e., a−1  k  R−10 , using Eq. (22)
again, but this time matching it with the asymptotic form of
φk(R) for ` = 0, namely
kφk(R) = A(k) sin(kR) +B(k) cos(kR) , (30)
6we obtain
A(k) =
√
k
(
R0t0
2s0
) 1
2
(
cos[s0 ln(
kR0
2 )− γs0 ]
− 1t0 sin[s0 ln(kR02 )− γs0 ]
)
B(k) = −√k
(
R0t0
2s0
) 1
2
(
cos[s0 ln(
kR0
2 )− γs0 ]
+ 1t0 sin[s0 ln(
kR0
2 )− γs0 ]
)
,
(31)
and thus, Krel(k) reads,
Krel ∼ 1
k
s0t0
R0
1
t20 + (1− t20) sin2[s0 ln(kR02 )− γs0 ]
. (32)
The overall k−1 behavior of the relaxation rate in Eq. (32) was
already mentioned in Ref. [32], where however no oscillatory
behavior was found. In our case, we do obtain an oscillatory
behavior for Krel(k) similar to that of K3(k). As shown in
Fig. 5, this oscillatory behavior resembles the oscillations in
Fig. 3. The dashed curves in Fig. 5 correspond to non-resonant
cases, while the solid curves show the resonant cases for the
first three Efimov states near the threshold.
For k  a−1, A(k) and B(k) can be written as a power
series: A(k) ∼ A0 +A2k2 +O(k4) and B(k) = k2`+1(B0 +
B2k
2 + . . . ) ∼ B0k + O(k3) (with ` = 0). As a result the
relaxation rate reads
Krel(k) ∼ 1
(A0 +A2k2)2 +B20k
2
. (33)
A0 is very small for the resonant case and thus the competition
between A0 and B20k
2 gives the Wigner and NTR regimes.
In the Wigner regime, A0 is dominant and Krel is a constant
when k goes to zero, while in the NTR regimeKrel ∼ 1/B20k2
since B20k
2 becomes dominant in the denominator of Eq. (33)
as we increase k. In contrast to Eq. (27), the A2k2 term no
longer plays a significant role and we omit it from Eq. (33);
indeed, A22k
4 is a higher order term which can be neglected,
while the cross term 2A0A2k2 can be combined with B20k
2
which is equivalent to altering B0 very slightly. Hence we
obtain
Krel(k) ∼ 1
A20 +B
2
0k
2
. (34)
This equation captures the transition between the Wigner and
NTR regimes. The transition is smooth whether or not the
Efimov state is just above or below the threshold.
C. Two channel results for a > 0
When the atom-atom scattering length a is positive and
large, there is a shallow dimer state just below the thresh-
old, and we use the 2-channel model introduced in Sec. II C
to compute the three-body recombination rate for the process
B + B + B → B + B2(shallow). As is well known [9],
the zero energy limit of the three-body recombination rate K3
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FIG. 5: Black curves: vibrational relaxation rate for three values
of a = a∗n as indicated, corresponding to the first, second and third
Efimov state near the threshold, with a∗1 = 11.45 RvdW, a∗2 =
260.0 RvdW, and a∗3 = 5902.0 RvdW, respectively . Red curves:
relaxation rate for the non-resonant cases with a = 3a∗n for each
curve, respectively.
is a log-periodic function of the dimer scattering length a, as
shown in Fig. 6a. Each maximum in Fig. 6a corresponds to an
Efimov state at the dimer-atom threshold [9], which does not
affect the energy dependence ofK3. However, each minimum
in Fig. 6a corresponds to a critical value of a for which the
energy dependence of K3 is dramatically modified as shown
in Fig. 6b. The dashed line in Fig. 6b corresponds to a non-
critical case, when K3(k) follows Wigner’s threshold law for
k  a−1. The other three curves in Fig. 6b correspond to the
three minima in Fig. 6a, for which the three-body recombina-
tion rate displays a strongly suppressed behavior K3(k) ∼ k4
for kNTS  k  a−1, that we label the Near Threshold Sup-
pression (or NTS) regime.
The numerical solution for the 2-channel model is obtained
as follows. The regular matrix solution Φ is initialized at R =
R0 using boundary conditions corresponding to a hard wall,
Φ(R0) = 0 and Φ′(R0) = I, where I is the 2× 2 unit matrix.
After propagation, and recalling that ` = `eff for channel 1,
and ` = 0 for channel 2, the regular solution is matched to
asymptotic solutions,
Φk`+1 = fA+ gB, (35)
where k`+1 = diag(k`eff+11 , k2) and f and g are diagonal
matrices containing the single channel asymptotic solutions
f1 = j`eff (k1R), g1 = n`eff (k1R), f2 = sin(k2R) and
g2 = cos(k2R). The matrices A and B are the real and imag-
inary parts of the Jost matrix F = A− iB. The expression of
the S-matrix in terms of the Jost matrix reads
S21 =
√
k2
k1
(F∗F−1)21 = 2i
√
k2
k1
A22B21 −A21B22
det(F)
.
(36)
Using the power series of the Jost matrix elements when k 
7a−1, we obtain
S21(k1) = k
2
1
C0 + C2k
2
1
D0 +D2k21
. (37)
Recalling Eq. (11), we find
K3 ∼ 1
k41
|S21|2 =
∣∣∣∣ C0 + C2k21D0 +D2k21
∣∣∣∣2 . (38)
For the values of a corresponding to the strongly suppressed
NTS cases shown in Fig. 6b, the Efimov states are not near
the threshold. This implies that the S-matrix does not exhibit
a resonant structure, i.e., it has no nearby pole, or equivalently,
det(F) 6= 0 or simply D0 6= 0 in the limit k1 → 0. Hence
the low k1 behavior of the three-body recombination rate K3
is determined by the competition between C0 and C2k21 in
Eq. (38). In the Wigner regime, C0 is dominant and thus K3
is nearly constant. Note that normally, the Wigner regime
behavior is valid for k1  a−1, while in the NTS case C0
is vanishingly small and the Wigner regime is restricted to
k1  kNTS =
√|C0/C2|. As Fig. 6b clearly shows, there is
a new type of behavior for kNTS  k1  a−1, where C2k21
in Eq. (37) is dominant, and thus K3 ∼ k41 .
IV. CONCLUSION
In this paper, we studied the effect of Efimov states on the
energy dependence of three-body recombination rates K3(E)
and vibrational relaxation rates Krel(E) for shallow dimers.
We used simple models capturing the essential physical pro-
cesses. For negative atom-atom scattering length, a < 0, a
single-channel model is used to expressed K3 in term of a
single-channel Jost function. For positive scattering length,
a > 0, we use a single-channel model expressing the vibra-
tional relaxation Krel in term of a single-channel Jost func-
tion, while a two-channel model is used to obtain K3. We
used the analytical structure and properties of Jost functions
to explain the numerical results obtained by varying the scat-
tering energy E (or momentum k) for given values of a.
When the atom-atom scattering length a is negative, we
recovered the usual Wigner regime at ultralow energies, but
as a gets very close to an Efimov resonance, we uncov-
ered a new regime, labeled Near Threshold Resonance (or
NTR) regime where k4K3 ∼ const. (or low energy behav-
ior K3(E) ∼ E−2). We also recover the oscillatory behavior
obtained in other studies. Similarly, when a → +∞, we find
the relaxation rate to reach a constant at ultralow energy, cor-
responding to the Wigner regime, and if an Efimov state is at
the threshold,Krel ∼ k−2 ∝ E−1, corresponding again to the
NTR regime. In addition, we found oscillations about a k−1
behavior for k corresponding to energies larger than the NTR
regime.
Finally, for a → +∞, we found that the usual Wigner be-
havior K3 ∼ const. for the rate of three-body recombination
(into a shallow dimer) is strongly suppressed near the thresh-
old. It behaves as k4 or K3(E) ∼ E2 when the atom-atom
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FIG. 6: (a) K3 in the limit E → 0 as function of a. The po-
sitions a+n of the minima are indicated and their values are given
in the lower panel. (b) Dashed line: K3(E) for non-critical case,
which displays only the Wigner regime behavior at low energy. Solid
lines: first three critical cases corresponding to the minima in the up-
per panel. The minima of K3(E) appearing at energies between
E/EvdW = 10
−4 and E/EvdW = 1 are due to destructive interfer-
ence as explained in Ref. [33].
scattering length nears one of the critical values correspond-
ing to the minima of K3 as a function of a (in the zero energy
limit). This new regime, labeled the Near Threshold Suppres-
sion regime (NTS), could potentially be used to stabilize cold
gases by preventing three-body recombination by adjusting
the two-body scattering length to one of the large and posi-
tive critical values of a.
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